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1. The zeros of the partial sum

S0 =Y
Z) = i
pmo K1

of ¢ tend to infinity as # — co0. A detailed study of their behavior was made
by Szegd [3] who showed, among many other things, that if z;™,..., 2\ are
the zeros of S,(z), then the point set {z{™/n,..., z%"/n} has as its points of
accumulation, as n — oo, the simple closed loop 4 of the curve defined by
| zel=# | = 1. Moreover, if w = ze'~?, then argw increases monotonely
from 0 to 2= as A4 is traversed from z = 1 in the positive direction, and Szegd
131 also showed that if 0, is the number of zeros of S,(z) in the secior
0, < 6 < 6,, then

lim (0,/n) = (g2 — po)f2m, (0

where if z; and z, are the points of 4 with arguments §; and 6, , respectively,
¢, = arg w(zy) and @, = arg w(zy). (These results were also obtained later
independently by Dieudonné [1]. See also Rosenbloom [2] where general-
izations are given.)

In view of (1) we may conclude, in particular, that every infinite sector
symmetric about the positive real axis contains zeros of S,(z) for » sufficiently
large. (This same conclusion follows from the fact that if there were a sector
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406 NEWMAN AND RIVLIN

containing o(n) zeros of S,(z) as n — <o, then ¢ would be an entire function of
order zero (Cf. Rosenbloom [2]). In contrast to this, Varga [4] showed that
there exists a constant B > 0 such that S, has no zeros, forn =0, 1, 2,... in
| Im z | < B, Re z > 0. Our purpose here is to demonstrate the existence of
a “parabolic” domain free of zeros of S,, , for n sufficiently large.

1. An easy computation verifies that
_ (et
S,(z) = fo e i,

andifweputz =n -+ w vn,

S,n+wvn)  V2mnermr 1 IN\® v
yn _ ~ | 1+~ nt gy, 2
en+w1/n n! \/277 fw ( +\/n) ¢ Z ( )

the path of integration in (2) being the horizontal line from w to the right to
co. Thus, if we put

onl = (14 =) e

n
then w = u -} iv is a zero of
@00 = [ eu0)dl
if, and only if, z = x 4 iy = n - (u + iv) Vn is a zero of S,(2); that is, if

x=n+4+uvn y=vvn (3)

If @, has a real zero, » must be odd and x = n -+ u v/n is the unique real
zero of S,(z). (P6lya and Szegd, Vol. I, p. 81). For each zero u - iv of @,
with v % 0, a distinct parabola

x = (y/v)? + u(y/v) 4

is defined, which contains the corresponding zero x + iy of S,(z). Our
interest is in the limit points of the zeros of D, as n — co.

LeMMa 1. For each complex number {,
Lim pu({) = e,

and the convergence is uniform on every compact set in the {-plane.
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Proof. Straightforward after taking logarithms.
Lemma 2.

lim @,(a) = fw PR a2 (5)

Proof. The lemma will follow from the dominated convergence thecrem
and Lemma 1 when we show

(1) < ePe t=2, nr>=5. {6}

AN

But if we write m = +/n for convenience,
F(t) = log etpn(t) = m? log (1 + ) 4 (1 — mt,
andif m > 2, f' (1) <0if f = 2. Thus,if t = 2 and m > 2,

o <s@ =43 S (L) T <5<

a3}

and (6) is established.

LemMa 3. If wy = 1y + iy, (vg = 0),

D, (wo) = D(ug) — i j:o Uy + iv) dv.
Proof. @, is an entire function by definition, and
Lilralo f :0 (R + ) dv == 0.
Lemmas 1-3 imply
TueorReM 1. D, (w) converges uniformly to
o) = | : e~ g (7

on any compact set in Im w = 0.

Remark.
Fw) = \/—%- erfc (_«,_/7—2 w).
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We have seen that for each n the zeros of S,(z) in the upper half-plane
(and for reasons of symmetry we need only consider these) lie on parabolas
described by (4). Hence, in view of Theorem 1 and Stirling’s formula, for n
sufficiently large the zeros in the upper half-plane, x -~ iy, of S,(2) lie arbi-
trarily close to the parabolas defined by

x = (y[v)* + u(y/v), ®

where now u - iv is any zero of F(w) with v > 0. Therefore, we turn next to
a study of the zeros of F(w).

2. F(w) is an entire function of order 2 since its derivative is. F(w)
has infinitely many zeros, for if it has a finite number of zeros, then
Fw)/(w — wy) -+ (w — wy) is entire, of order 2, and free of zeros so that by
the Hadamard factorization theorem

Fw) = (W — wy) = (W — wy) e®™ozte g £ Q,
But
tliﬂ, F(t) >0,
while

tﬁm (I — wl) (t — Wk) et otte
—mm00

is either zero or o.

The power series expansion of F about the origin has real coefficients,
so its zeros are complex conjugates (F has no real zeros). We restrict our
attention to the upper half-plane.

THEOREM 2. With w = u + iv, F(w) has no zeros inv > 0, uv = —m.

Proof.
o0 @
Fw) = f eEHN Y2 g1 gvi/2 f e g-ite g
w u
0
— eW*—u?)/2 g—iuv f e—(B2/2)—tu g—itv fy
0
We put
x ] . ® E
K, v) = —Im j e~ (/2 ~tu g—itv y — j e~ 12—t gin tp df,
0 [

and complete our proof by showing that K(u, v) s 0 forv > 0, wv > —.
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Let

Wibalo ,
A(j) = f e~ (/21— gin fo df

jul v

so that

K@, v) = Y A().
=0
Put s = fv — jr; then

A() = (=1 ¢ e—Us+im) [9)® 2—uts+imd} [0 gin 5 ds.
v Yy

Ift = Qmfv and wv = —m,
h(t) = e~ r2i—tu

is strictly monotone decreasing. Hence, | 4(j){, 7 = 2, 3,... is strictly mono-
tone decreasing and sgn A(j) = (1Y, j = 2, 3,... . Therefore,

> A() > 0.
=2
Now
A(0) = ! _rr B3 gin 5 ds — L rﬂ g~(m=/20~(u)0)n—3) gin ¢ ds
D 0 U » 0
and
| O PN o
A1) = —= f g twts2r—lu/)at3) gin ¢ d
Vo
30 that
) N w— 8 T+ .
A(0) - A(1) “EJO [h( - ) -_h( - )] sin 5 ds.
Moreover,

if, and only if

(w—s)2+(7r—s)u< (w+s)2+(w+s)u

202 v = 22 v ’
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if, and only if,
kK
7 + u > 09
which holds by hypothesis. Therefore, A(0) + A(1) > 0 and K(u, v) > 0.

THEOREM 3. There exists a positive constant, c,, such that F(w) has no
zero, u -+ v, satisfying v > 0 and u + v + ¢, < 0. (Indeed, Re F(w) has no
such zero.)

Proof. Suppose v > 0. Replacing paths as in Lemma 3 we obtain

Fw) = —i f : e~ (-2 /2 p—iun dy +- f ” e dE,

hence,
Re F(w) = | : eerdg — | 0 ¢4 2 sin 4 diy
> ‘/Z‘; ~ 0 =2 sin um diy. ©)
Suppose u + v = —¢, ¢ > 0.

R =

v
f e 12 sin uy) dn l < ve?* w2 = pel(r-w)2](v-u
[

< —(u + c) ecloheu) (2 — e°2/2[—-(u + c) euo]_
Now —(u - ¢) ev¢ is positive for u << —c¢ and assumes its maximum at
u = —(c 4+ ¢™) so that
e/

<
R < ec

Any ¢, which satisfies

e—%"/2 < V2w
ec, = 2

(10)

(for example, ¢, = 1/3) proves the theorem.

Remark. The smallest value of ¢, satisfying (10) is approximately .282.
Taken together, Theorems 2 and 3 imply

THEOREM 4. Every zero, u - iv, of F(w) in the upper half-plane satisfies
uv << —ar and u + v + ¢y > 0.
The set of parabolas (8) can be rewritten

[+ = fes ) an
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Each such parabola passes through the origin (in the (x, y)-plane) and has
slope vfu there. Since u + v + ¢y > 0 and uv << —m, we have

v d?
__<___._

U k)

where

et A — g
. .

Finally, then, there exists N such that, for # > N, S,(z) has no zero in the
parabolic domain

2 \1/2
V< —F+d(x+o5) » x>0 (12)

© 442

Moreover, if the zero, u -+ iv of F(w) in the upper half-plane which minimizes

vfu is Uy + ivy and ugw, = —a then the parabolic arc
a ad \12
y=—gHnlitgs) s x>0

contains a limit point of zeros S,(z) as n — co.

~6 -2 -8 -4 o] 4 8 2 & 20 24 28 32 38

Fic. 1. Zeros of S,(z), n = 0,..., 47 and zero-free parabolic domain.
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The zeros of S,(z) for n = 0, 1,..., 47 are shown as dots in Fig. 1, where
the domain (12) for d(.282) = .164 is outlined by crosses. These calculations
were carried out for us with the IBM Fortran Scientific Subroutine Package,
on the 360/91, by H. Lewitan.
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